Abstract. Let a denote an ideal of a commutative Noetherian ring R. Let M and N be two R-modules. In this paper, we give some answers on the extension of Hartshorne's conjecture about the cofiniteness of torsion and extension functors. For this purpose, we study the cofiniteness of the generalized local cohomology module H i a (M, N ) for a new class of modules, called a-weakly finite modules, in the local and non-local case. Furthermore, we derive some results on attached primes of top generalized local cohomology modules.
Introduction
Throughout this paper, let a and b be ideals of a commutative Noetherian ring with nonzero identity R. If M and N are two R-modules and i ∈ Z, consider the ith generalized local cohomology module with respect to a and R-modules M and N, introduced by Herzog [18] . If M = R the definition of generalized local cohomology modules reduces to the notion introduced by Grothendieck of local cohomology modules H i a (N) [6] . One of the interesting open questions in local cohomology theory is the following: This question was proposed by Hartshorne [17] who, in turn, was motivated by the conjecture made by Grothendieck [15] about the finiteness of Hom R (R/a, H j a (N)). Also, Hartshorne introduced an interesting class of modules called a-cofinite modules. Recall that an R-module M is said to be a-cofinite if Supp(M) ⊆ V (a) and Ext i R (R/a, M) is finitely generated for all i.
In this sense, as a generalization of Hartshorne's conjecture, we have a natural question.
Question 2:
When is H i a (M, N) a-cofinite for all i?
Concerning this question, several results were obtained, and in most of them the finiteness assumption on the modules is crucial in the proof (for example [8] , [14] and [27] ).
In this paper, we will introduce a new class of modules, called a-weakly finite modules over M (see Defininiton 2.1). This class is an extension of the class of weakly finite modules introduced in [3] (which contains the class of finitely generated modules, big Cohen-Macaulay modules and a-cofinite modules). In the local and non-local case we will show the following two results, that improves [9 A non-zero R-module L is called secondary if its multiplication map by any element x of R is either surjective or nilpotent. A secondary representation for a R-module L is an finite expression L = L 1 + L 2 + . . . + L s , where L i is secondary for 1 ≤ i ≤ s. We will say that L is representable if there exist such an expression.
Furthermore, a prime ideal p of R is said to be an attached prime of L, if p = (K : R L) for some submodule K of L. Denote by Att R (L) the set of attached prime ideals of the
is exactly the set { (0 : R L i ) | 1 ≤ i ≤ s}. We can say that such representation is reduced if (0 : R L i ), i = 1, . . . , s, are all distinct. For more details, the reader can see [21] .
Another aim of the present paper is to show some results concerning attached primes of generalized local cohomology modules H i a (M, N). More precisely, we will show an extension of the main result in [10] . is finitely generated for all j ∈ N if and only if Tor R j (R/a, M) is finitely generated for all j ∈ N. We generalize this result on Theorem 4.7 for a Serre subcategory of the category of R-modules.
We can analyze Question 1 from a more general point of view. Note that a-cominimax [2] and a-weakly cofinite modules [11] are generalizations of acofinite modules (see definitions on Section 4). We may also ask, as a particular case of Question 3, when Ext N) ) are a-cofinite (or finite length, or a-cominimax, or a-weakly cofinite) for all (or for some) integers i and j, and some Rmodule L. In this sense, we show the following result. Theorem 1.4. Let (R, m) be a commutative Noetherian local ring. Let H and M be Rmodules such that H is Artinian and a-cofinite and M is minimax. Then, for each i ≥ 0, the module Ext i R (M, H) is minimax and a-cofinite over R. One of the main goals of this paper is to generalize the results showed by Naghipour, Bahmanpour and Khalili [4] . In this direction we show the following theorem: Theorem 1.5. Let N be a nonzero a-cominimax R-module and M be a finitely generated R-module.
For larger dimensions we obtain the following result. Theorem 1.6. Let (R, m) be a local ring and a an R-ideal. Let N be a nonzero a-cominimax R-module and M be a finitely generated R-module. Then the R-module Tor R i (M, N) is aweakly cofinite for all i ≥ 0 when one of the following cases holds:
This paper is organized as follows. In Section 2, we discuss Question 2, define the class of a-weakly finite modules over M and prove some results with the purpose to show Theorem 1.1 and Theorem 1.2.
In Section 3, we obtain some results on attached primes of generalized local cohomology in order to prove our second main result (Theorem 1.3).
In order to understand the cofiniteness behavior of extension and torsion functors, in Section 4 we show some preliminary results that will be useful for this purpose (being the Theorem 4.7 the most important of them). Also, we recall the definitions of minimax, weakly Laskerian modules, a-cominimax and a-weakly cofinite modules. These notions improve the definitions of Noetherian (and Artinian) modules and a-cofinite modules.
In last section, we show some cases where Tor N) is a-cofinite or a-weakly cofinite module for all i. As applications of the results shown in the Section 2, we study the behavior of Ext
For conventions of notation, basic results, and terminology not given in this paper, the reader should consult the books Brodmann-Sharp [6] and Matsumura [22] .
Cofiniteness and Artinianness of Generalized Local Cohomology Modules
In this section, we fix our notation and list several results for the convenience of the reader. Let R be a commutative Noetherian ring. Throughout this paper, unless otherwise noted, the R-module N is not necessarily finitely generated and we denote the R-dimension of N by dim R N := sup{dim R R/p | p ∈ Supp R (N)}. 
We say an R-module N is a-weakly finite over M, if it belongs to W.
If M = R, we say that the R-module is a-weakly finite. If M = R, (R, m) is a local ring and a = m we just say that the R-module is weakly finite (see [3, Definition 2.1] ).
Note that if M is a finitely generated R-module, then M is a weakly finite R-module. Another important class of modules is the class of a-cofinite modules. Recall that a module N is said to be a-cofinite [17] if Supp R (N) ⊆ V (a) and Ext is Artinian when N is a weakly finite R-module. Our main goal in this section is to generalize this result in the non-local case (Theorem 2.9). To do this, we will need some previous results.
We call a Serre subcategory of the category of R-modules a class of R-modules closed under taking submodules, quotients and extensions (see more details and examples of this definition in Section 4). 
By
Since N/rN is a-weakly finite, by induction H As a consequence of this corollary, we have the following result:
Let M be a finitely generated R-module and N be a a-weakly finite R-module over M. Then
Proof. We will show that Att R (Ext 
Now, by [28, Proposition 2.9 (2) and (3)], Att R (Ext
The local case. From now on, in this section, we will assume that our ring R is local with maximal ideal m.
Theorem 2.14. Let M be a finitely generated R-module such that pd M = d < ∞ and let N) is Artinian and a-cofinite.
Proof. If a = m just use Theorem 2.9.
Now assume a = m and choose x ∈ m \ a. By [12, Lemma 3.1], there is an exact sequence N) . Now assuming m = a + (x 1 , . . . , x r ) and repeating this argument, we get the surjection Proposition 2.16. Let M and N be R-modules such that M is finitely generated and N is a-weakly finite over M. Assume pd M = d < ∞ and dim R N = n < ∞. Also, assume n ∈ N and there exists an a -filter regular sequence x 1 , . . . , x n on N. Then
Proposition 2.17. Let M and N be R-modules such that M is finitely generated and N is weakly finite. Assume pd M = d < ∞, dim R R = dim R N = n and 0 < n < ∞. Also, assume n ∈ N and there exists an a-filter regular sequence x 1 , . . . , x n on N. If H d+n m (M, N) = 0, then it is not finitely generated. N) is not finitely generated by [6, Corollary 7.2.12].
Attached primes of the top generalized local cohomology modules
In this section, we assume that (R, m) is a commutative Noetherian local ring with maximal ideal m. The main purpose of this section is to prove [10, Theorem B], stated above, for generalized local cohomology modules. In order to do this, we give some preliminaries result.
Lemma 3.1. Let M be finitely generated R-module and
a family of finitely generated R-modules. Then
Proof. Since M is finitely generated, M/a n M is finitely generated. Then, by [7, Corollary of Theorem 1], it is possible to commute direct limit and the functor Ext Proposition 3.3. Let M and N be R-modules such that M is finitely generated,
Proof. Let Ass R (N) = {p 1 , . . . , p l }. We proceed by induction on l.
By the exact sequence
(M, N/L i ) which has secondary representation. So we may assume
The next theorem is the main result of this section. N) has secondary representation and
Proof. Firstly we will show the inclusion of the set of attached primes. We can assume H
Consider the exact sequence
, where {L j | j ∈ I} is a family of finite submodules of
On the other hand, as L j is a submodule of L and Ass 
We claim that Ass R (N) ⊆ Ass R (R), and therefore |Ass R (N)| < ∞. To see this, let p ∈ Ass R (N) then
which implies dim R R/p = n. Thus p is minimal over the ideal 0 and p ∈ Ass R (R), which is a finite set, since R is Noetherian.
If now p ∈ Att R (H d+n a (M, N)), then p ⊆ q, for some q ∈ Ass R (N). On the other hand, 
Torsion and Extension Functors: Some Preparatory Results
Let R be a commutative Noetherian ring. Now, we are interested in the cofiniteness of torsion and extension functors. First we will recall some definitions that will be used in the rest of the paper.
(i) An R-module M is called minimax, if there is a finitely generated submodule N of M such that M/N is Artinian [33] . (ii) An R-module M is said to be a-cominimax if Supp(M) ⊆ V (a) and Ext j R (R/a, M) is minimax for all j [2] . (iii) An R-module M is said to be weakly Laskerian, if the set of associated primes of any quotient module of M is finite [11] . (iv) An R-module M is said to be a-weakly cofinite if Supp(M) ⊆ V (a) and Ext j R (R/a, M) is weakly Laskerian for all j [11] . Now we will recall some facts of minimax modules. In what follows, we will use Serre subcategories of the category of R-modules. We denote by S a Serre subcategory of the category of R-modules. Recall that the classes of Noetherian modules, of Artinian modules, of minimax modules, of weakly Laskerian and of Matlis reflexive are examples of Serre subcategories. Lemma 4.2. Let M be an R-module such that M/aM ∈ S. Then M/a n M ∈ S for all n ∈ N.
Proof. We use induction on n. If n = 1, then it is true by hypothesis. Now let n > 1 and suppose the result is true for n − 1. Since M/a n−1 M ∈ S, (M/a n−1 M) k ∈ S, for all k ∈ N 0 . There is an exact sequence (M/a n−1 M)
where a = (x 1 , . . . , x t ) and f (m 1 + a n−1 M, . . . , m t + a n−1 M) = x 1 m 1 + . . . + x t m t + a n M.
Therefore, M/a n M ∈ S.
Let x = x 1 , . . . , x t . In the next two Theorems we will use Koszul complexes,
The reader can see [32] for more details.
Proof. In view of Lemma 4.2, it is enough to prove that M/aM ∈ S. Let a = (x 1 , . . . , x t ) and x = x 1 , . . . , x t . Then M/aM ∼ = H t (x; M) and H j (x; M) = Z j /B j , where B j and Z j are the modules of coboundaries and cocycles of the complex Hom R (K • (x), M), respectively, and where
Our claim is that B
j ∈ C for all j = 0, 1, . . . , t. We will prove this by induction on j.
is a finite free R-module, it follows that Hom R (K l (x), M) ∈ C. Now, since B l ∈ C, we have that C l ∈ C. Hence (0 : C l a) ∼ = Hom R (R/a, C l ) ∈ S. Because of aH l (x; M) = 0, it follows that H l (x; M) ⊆ (0 : C l a), and so H l (x; M) ∈ S. Consequently. from the short exact sequence
we deduce that B l+1 ∈ C. Hence by induction we have proved that B j ∈ C for all j ∈ N 0 . Now, since B t ∈ C and Hom R (K t (x), M) ∈ C, we obtain C t ∈ C. Hence (0 :
Next Theorem is a generalization of [26, Theorem 2.1].
Theorem 4.4. Let M be an R-module and a = (x 1 , . . . , x t ) be an ideal of R. Then the following conditions are equivalent:
be a free resolution of finitely generated R-modules for R/a. Consider the complex F • ⊗ R M; it follows that Tor R i (R/a, M) = Z i /B i , where B i and Z i are the modules of boundaries and cycles of this new complex, respectively. Put C = {N | Ext j R (R/a, N) ∈ S for all j ∈ N 0 }. Our claim is that Z i ∈ C for all i ∈ N 0 . We will prove this by induction on i.
If i = 0, Z 0 = F 0 ⊗ R M ∈ C, since F 0 is a finitely generated free R-module. Now, assume that Z l ∈ C. Consider the short exact sequence
where we can see
Hence we obtain the exact sequence
Therefore we deduce from (4.1) that B l ∈ C and so Z l+1 ∈ C. Hence by induction we have proved that Z i ∈ C, for all i ∈ N 0 . It follows by Theorem 4.3 that Z i /aZ i ∈ S, for all i ∈ N 0 , and therefore Tor
Consider the Koszul complex
Then H i (x; M) = Z i /B i , where B i and Z i are the modules of boundaries and cycles of the complex
Now, analogous to the proof of the implication (i) ⇒ (ii), we can show that
be a free resolution of finitely generated R-modules for R/a. Consider the complex Hom R (F • , M); it follows that Ext
, where B i and Z i are the modules of coboundaries and cocycles of this new complex, respectively. Let x = x 1 , . . . , x t . Put
Consider the short exact sequence
where
Therefore, since
and H 0 (x; C i ) ∈ S, we can see that Ext i R (R/a, M) ∈ S, for all i ∈ N 0 . Lemma 4.5. Let M be a finitely generated R-module and N be an arbitrary module. Let t be a non-negative integer such that Tor Consider the exact sequences
for some positive integer n and some finitely generated R-module K. Let i ≤ t and 1 ≤ j ≤ k. From the long exact sequence Using an easy induction on k, it suffices to prove the case when k = 1.
So, consider the exact sequence mentioned above
We now will use induction on t.
Now, lets assume t > 0 and Tor
with Supp R (L ′ ) ⊆ Supp R (M) and all i < t. The exact sequence (4.2) induces the long exact sequence N) for all i ≤ t, and the proof is complete. Lemma 4.6. Let M be a finitely generated R-module and N be an arbitrary module. Let t be a non-negative integer such that Ext
Proof. The proof follows by a similar way to what was done in Lemma 4.5.
The next Theorem is a key ingredient for the rest of the paper.
Theorem 4.7. Let t be a non-negative integer. Then, for an arbitrary R-module N, the following conditions are equivalent:
. . , p n be the minimal primes of a. Then, by assumption, Tor In particular, for the class of minimax modules we obtain the following result.
Corollary 4.8. Let a be an ideal of R such that dim R R/a = 1, and let t be a non-negative integer. Then, for an arbitrary R-module N, the following conditions are equivalent: 
Cofiniteness of torsion and Extension functors
Let R be a commutative Noetherian local ring. Our purpose in this section is to give some answers about Question 3 in the introduction.
The (N, H) is minimax and a-cofinite over R. Proof. Since N is minimax, there exists submodule L ⊆ N such that L is finitely generated and N/L is Artinian. We get a long exact sequence
By Proposition 2.4, since Artinian and a-cofinite modules form a Serre subcategory of the category of R-modules, we obtain that Ext N) ) is minimax and a-cofinite R-module.
Proof. The proof follows by Theorem 2.9 and Theorem 5.1.
Corollary 5.3. Let (R, m) be a complete local ring. Let M be a finitely generated R-module such that pd M = d < ∞ and let N be an a-weakly finite R-module over M such that N) ) is minimax and a-cofinite R-module, for any minimax module L.
Proof. The proof follows by Theorem 2.14 and Theorem 5.1. Theorem 5.6. Let N be a nonzero a-cominimax R-module and M be a finitely generated R-module.
(
is minimax for all i ≥ 0 by Theorem 4.7. Now, by the short exact sequence
we can deduce the following long exact sequence, for all i ≥ 0
So it is sufficient to show that, for all i ≥ 0, Tor N) is Artinian and a-cofinite. Hence, we may assume that Γ a (M) = 0 and therefore ensure the existence of x ∈ a\ ∪ p∈Ass R (M ) p by Lemma 2.6. From the short exact sequence
we obtain following long exact sequence (ii) Proceeding similarly to the proof of item (i), we may assume that assume that Γ a (M) = 0, and so take x ∈ a\ ∪ p∈Ass R (M ) p. The short exact sequence
induces following long exact sequence Corollary 5.7. Let a be an R-ideal such that dim R R/a = 0. Let L, M be finitely generated R-modules and let N be a a-weakly finite R-module over M. Then: N) ) is Artinian and a-cofinite for all i, j ≥ 0. N) ) is a-cofinite for all i, j ≥ 0. Proof. The result follows by Theorem 2.9 and Theorem 5.6. Proposition 5.8. Let N be a nonzero a-cominimax R-module and M be a finitely generated N) is a-cominimax for all i ≥ 0. Proof. Let F • be a resolution of M consisting of finite free R-modules. Since Tor
) is a subquotient of a finite direct sum of copies of N. Now the result follows by the fact that the category of a-cominimax modules with dimension less than or equal to 1 is an Abelian category [19, Theorem 2.5].
Corollary 5.9. Let N be a nonzero a-cofinite R-module and M be a finitely generated Rmodule. If dim R N ≤ 1, then the R-module Tor (i) dim R N ≤ 2.
(ii) dim R M = 3.
Proof. Note that, in the of Remark 5.10, it is sufficient to show that the R-modules Tor If dim R N ≤ 2, then we can conclude that S −1 N is a S −1 a-cominimax S −1 R-module of dimension at most one by [22, Ex 7.7] and [29, Lemma 3.4] . Therefore Tor S −1 R i (S −1 M, S −1 N) is S −1 a-cominimax for all i ≥ 0, by Proposition 5.8. Therefore S −1 K/S −1 K ′ is a minimax S −1 R-module and so, Ass S −1 R (S −1 K/S −1 K ′ ) is finite by Remark 4.1. However, for each s, we have that S −1 p s ∈ Ass S −1 R (S −1 K/S −1 K ′ ), and so we obtain a contradiction. This completes the proof.
In case dim R M = 3, we obtain that Tor S −1 R (S −1 M, S −1 N) is S −1 a-cominimax, by Lemma 5.4 and Theorem 5.6. Now the proof follows similarly to the one previously made. Now we give some applications of the results shown in this section.
Corollary 5.12. Let N be a nonzero minimax R-module and M be a finitely generated R-module. (ii) The proof follows analogously to Theorem 5.11 (i), using the previous item.
(iii) Apply Theorem 2.14 and Theorem 5.11 (ii).
